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Abstract In this work we derive analytical relations
between Entanglement and Coherence as well as be-
tween Discord and Coherence, for Bell-diagonal states
and for X states, evolving under the action of several
noise channels: Bit Flip, Phase Damping and Depolar-
izing. We demonstrate that for these families, Coher-
ence is the fundamental correlation, that is: Coherence
is necessary for the presence of Entanglement and Dis-
cord.
Keywords Quantum Correlations · Coherence ·
Entanglement · Discord
1 Introduction
Correlations can be found in quantum systems that
cannot be classically described; the existence of non-
classical correlations in a system is a signature that the
subsystems are really quantum. The complete charac-
terization of correlations between parts of a quantum
system as well as the interrelations between these cor-
relations is an important subject both from the funda-
mental and applied point of view. To understand and
quantify quantum correlations is of paramount impor-
tance to comprehend the origin of the quantum ad-
vantages in quantum computing and quantum informa-
tion processing. Historically, Entanglement was the first
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quantum correlation known [1], and over time was the
central subject of study, both theoretically and exper-
imentally [2, 3, 4]. Over time it was understood that
there are separable states that show non-classical be-
havior. Quantum Discord was presented in 2001 [5]
, and soon other quantum correlations related to it
[6]. Coherence, which is behind the interference phe-
nomenon, has been a main topic in the framework of
Quantum Optics. Recently Baumgratz et al. [7] per-
formed a quantitative characterization of Coherence,
where quantum coherence is treated as a physical re-
source. Both Entanglement and Coherence are related
to the phenomenon of quantum superposition, there-
fore it historically was natural to try to understand
qualitatively what their relationship is and if there is a
quantitative relationship between them [8, 9, 10]. That
naturally extended to the study of the relation between
Coherence and Discord and other related quantum cor-
relations [11, 12, 13] .
In this work we propounded to study the existence of
analytically expressible dynamic relations between En-
tanglement and Coherence, and between Discord and
Coherence, for a simple model such as Bell-diagonal
states and for a slightly more complicated one, the X
states. In Sec. 2 we do a geometric description of the
Bell-diagonal states. In Sec. 3 we present the geomet-
ric measures of correlations. In Sec. 4 we find analyt-
ical dynamic relations between Entanglement and Co-
herence and between Discord and Coherence for the
Bell-diagonal states evolving under the action of sev-
eral noise channels: Bit Flip, Phase Damping and De-
polarizing. In Sec. 5 we study the X states; we analize
their region of existence and its variations with the pa-
rameters that describes the X states and calculate the
expression of the correlations for these states. In Sec. 6
we study the evolution of the correlations and their dy-
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namical relations under the action of the same channels
applied before. In Sec. 7 we discuss Coherence as the
fundamental quantum correlation. In Sec. 8 we summa-
rize and discuss the results.
2 Geometry of the Bell-diagonal states
The Bell-diagonal states are a paradigmatic class of
states in which, due to their relative mathematical sim-
plicity, it has been possible to study the behavior of
various quantum correlations.
They can be written as:
ρ =
1
4
(
I2 ⊗ I2 +
3∑
i=1
riσi ⊗ σi
)
(1)
where σi are the Pauli matrices and r is the correlation
vector:
r = r1 iˆ+ r2jˆ + r3kˆ, (2)
with ri = Tr(ρσi⊗σi), and the elements of the ρ matrix
can be directly related to the entries of the correlation
vector as follows:
ρ11 = ρ44 =
1
4
(1 + r3)
ρ22 = ρ33 =
1
4
(1− r3)
ρ14 =
1
4
(r1 − r2)
ρ23 =
1
4
(r1 + r2)
(3)
It’s well known the three-dimensional representation of
the Bell-diagonal states as a function of the entries of
the correlation vector [14], and there are several works
studying the geometrical structure of several quantum
correlation in its three-dimensional representation [15,
16, 17] . In fig.(1) we can see the tetrahedron that delim-
its the zone of existence of the states, and the octahe-
dron, which marks the region where the states are sepa-
rable. Evolving under the action of different noise chan-
nels, the Bell-diagonal states describe a path within the
tetrahedron [18].
3 Geometric measures of correlations
In order to quantify quantum correlations we choose
a geometric approach [19, 20, 21, 22, 23, 24, 25]. We
determine how much Entanglement, Discord or Coher-
ence a state ρ posses, by its minimum distance to the
set of states that doesn’t posses that correlation, i.e:
Fig. 1: Three-dimensional representation of the Bell-
diagonal states. The tetrahedron limits the region of
existence. Inside the tetrahedron, the octahedron con-
fines the separables Bell-diagonal states.
E(ρ) = min
ρsep
d(ρ, ρsep),
D(ρ) = min
ρcc
d(ρ, ρcc),
C(ρ) = min
ρinc
d(ρ, ρinc),
where ρsep belongs to the set of separables states (zero
Entanglement), ρcc to the set of classical states (zero
Discord) and ρinc. to the set of incoherent states (zero
Coherence).
We choose to work with the Trace norm, wich is a par-
ticular case of the p-norm: ||A||pp := Tr
(√
A†A
)p
, when
p = 1. The Trace norm determines d1 as a measure of
distance:
d1(ρ, σ) = ||ρ− σ||
With the previous considerations, in the next section
we will show the expressions of the three quantum cor-
relations.
3.1 Entanglement
For the Entanglement we have:
E(ρ) = min
ρsep∈S
1
2
||ρ− ρsep||1 = min
ρsep∈S
Tr|ρ− ρsep|,
where S is the set of separable states. For the particular
case of X states, in a previous work [18] we found that:
E(ρ) = 2max{0, |ρ14| − √ρ22ρ33, |ρ32| − √ρ11ρ44} (4)
which is the Concurrence of the quantum state [26].
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3.2 Discord
We will use the expression of the Discord for the Bell-
diagonal states developed in [27, 28]:
D(ρBD) =
rint
2
, (5)
where rint is the intermediate value of the |ri|.
3.3 Coherence
Applying the geometric definition for the Coherence, its
expression is:
C(ρ) = min
ρinc∈I
||ρ− ρinc|| =
∑
i,j
i6=j
|ρi,j |.
where we used the fact that the nearest incoherent state
is represented by the same ρ matrix, but with all the
elements out of the diagonal nulls [7]. For the particular
case of the X states, the Coherence is:
C = |ρ14|+ |ρ32|+ |ρ41|+ |ρ23|,
which under the assumption of all the entries of the
matrix being reals, (ρ14 = ρ41 y ρ32 = ρ23) it has the
following expression:
C = 2(|ρ14|+ |ρ32|) (6)
4 Dynamical Relations for Bell-diagonal states
We will consider that our system evolves with each
qubit in contact with its own environment. The evolu-
tion can be described by means of the Kraus operators
[29, 30] according to:
ρ′AB =
∑
i,j
(
MAi ⊗MBj
)
ρAB
(
MAi ⊗MBj
)†
,
where MAi ,M
B
i are the Kraus operator acting on each
qubit. By means of this tool, we will study the evolu-
tion of the two qubit system under the action of several
known quantum channels.
We start by writing the expression of the three cor-
relations using the Trace Norm; the expression of the
Entanglement can be obtained putting eq.(3) in the ex-
pression of the Concurrence eq.(4):
E(ρ) =
1
2
max[0 , |r1 ± r2| − (1± r3)]
The expression of the Discord, eq.(5):
D(ρ) = int[|r1| , |r2| , |r3|]
And finally, for the Coherence we put eq.(3) in the ex-
pression eq.(6):
C(ρ) =
1
2
(|r1 − r2|+ |r1 + r2|) = max(|r1|, |r2|)
In the following subsections we will study the dy-
namical relations between Entanglement, Discord and
Coherence when the initial Bell-diagonal states evolve
under the action of three known quantum channels: Bit
Flip, Phase Damping and Depolarizing.
4.1 Bit Flip
The Bit flip channel models the simplest type of error
that suffers a qubit: it flips the state from |0〉 to |1〉
and reciprocally, with probability (1 − p). The Kraus
operators corresponding to this channel are:
M
bf
1 =
√
1− p
(
1 0
0 1
)
and Mbf2 =
√
p
(
0 1
1 0
)
Applying the Kraus operators to de initial Bell-diagonal
state, it’s easy to see that all the information of the
evolution is contained in the vector of correlations.
r′ = r1 iˆ+ r2(p− 1)2jˆ + r3(p− 1)2kˆ
The Entanglement of the evolved state is:
E(p) =
1
2
max[0 , |r1± r2(p− 1)2|− |1± r3(p− 1)2|] (7)
The expression of the Discord:
D(p) = int[|r1| , |r2|(p− 1)2 , |r3|(p− 1)2] (8)
And finally the Coherence:
C(p) =
1
2
(|r1 − r2(p− 1)2|+ |r1 + r2(p− 1)2|) =
max(|r1|, |r2|(p− 1)2)
(9)
4.1.1 Entanglement and Coherence
In order to express the Entanglement as a function of
Coherence, we have to discriminate two alternatives:
in the region of the space where |r1| > |r2|(p − 1)2,
Entanglement and Coherence are independent. On the
other hand, where |r1| < |r2|(p − 1)2, we can express
the Entanglement as a function of the Coherence:
E = max
[
0,
1
2
(|r1 ± sign(r2)C| − |1± r3
r2
C|)
]
(10)
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We show in fig.(2) this relation for r1 = −0.3, r2 = 0.6
and r3 = 0.4. The blue points are the plot of Entangle-
ment, eq.(7) versus Coherence, eq.(9), and the red line
corresponds to eq.(10) Taking into account what we ex-
plained above, this equation is valid for 0 < p < 0.29.
Note that in the figure the implicit parameter p grows
backwards.
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Fig. 2: Entanglement as a function of the Coher-
ence, under the action of the Bit Flip channel. r1 =
−0.3, r2 = 0.6, r3 = 0.4.
4.1.2 Discord and Coherence
Looking for a functional relation between Discord and
Coherence, we find that it is enough to analyze the ini-
tial values of the correlation vector. It is easy to see that
this is only possible when |r1| = min (|r1|, |r2|, |r3|).
Starting with |r1| < |r2| < |r3|, as r evolves, we find two
regions: one where D = C (when |r1| < |r2|(p − 1)2),
and another (when |r2|(p − 1)2 < |r1| )where Discord
decay quadratically, D = |r3|(p − 1)2 independent of
Coherence, which remains constant, C = |r1|. When
initially we have |r1| < |r3| < |r2| we find three re-
gions: one where D = |r3||r2|C (when |r1| < |r3|(p − 1)2),
a second region where Discord is constant, D = |r1| in-
dependent of Coherence (when |r3|(p− 1)2 < |r1|), and
a third region where the Discord decays quadratically,
D = |r2|(p−1)2 while the Coherence remains constant,
C = |r1| (when |r3|(p − 1)2 < |r2|(p − 1)2 < |r1|). We
show in fig.(3) one example for the case |r1| < |r3| <
|r2|. The red line corresponds to de equation of Discord
in function of Coherence; the blue points are the plot
of Discord, eq.(8) versus Coherence, eq.(9).
4.2 Phase Damping
This channel describes a type of noise that is completely
quantum: it is a process where quantum information is
lost without loss of energy [29]. The Kraus operators
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Fig. 3: Relation between Discord and Coherence, un-
der the action of the Bit Flip channel. r1 = −0.3, r2 =
0.6, r3 = 0.4. Note that for Coherence = 0.3, p = 0.293;
as p continues to grow, Coherence remains constant
and Discord decreases quadratically regardless of Co-
herence. Red line and blue points explained in text.
corresponding to this channel are:
M
pd
0 =
√
1− p
(
1 0
0 1
)
, M
pd
1 =
√
p
(
1 0
0 0
)
,
M
pd
2 =
√
p
(
0 0
0 1
)
Applying the Kraus operators to de initial Bell-diagonal
state we obtain the expression of the evolved correlation
vector:
r′ = r1(p− 1)2iˆ+ r2(p− 1)2jˆ + r3kˆ,
which allow us to calculate the expressions of the three
correlations under this channel. For the Entanglement
we have:
E(p) =
1
2
max[0 , |r1 ± r2|(p− 1)2 − |1± r3|] (11)
The expression of the Discord is:
D(p) = int
[
|r1|(p− 1)2 , |r2|(p− 1)2 , |r3|
]
(12)
The Coherence has the following expression:
C(p) =
1
2
(|r1 − r2|+ |r1 + r2|)(p− 1)2 =
max(|r1|, |r2|)(p− 1)2
(13)
4.2.1 Entanglement and Coherence
For this evolution, we can always find a relation between
Entanglement and Coherence:
E = max
[
0,
C|r1 ± r2|
2max(|r1|, |r2|) −
|1± r3|
2
]
(14)
We show this relation in Fig.(5): blue dots are the
plot of Entanglement eq.(11), versus Coherence, eq. (13).
The red line corresponds to eq.(14).
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Fig. 4: Entanglement as a function of Coherence under
the phase damping channel. r1 = −0.7, r2 = 0.5 and
r3 = 0.3.
4.2.2 Discord and Coherence
Taking into consideration the expression for the Dis-
cord:
D = int(|r1|(p− 1)2, |r2|(p− 1)2, |r3|)
we see that it is possible to relate Discord with Coher-
ence if |r1| or |r2| are the intermediate values. If the
intermediate value is |r3|, the Discord will be constant
and independent of the Coherence.
When the intermediate value is r1 or r2 the expres-
sion of the Discord is:
D =
|ri|C
max(|r1|, |r2|) , (15)
where ri = r1, r2, depending on which is the interme-
diate value. This relation is showed in fig.(5), where we
can distinguish clearly 3 regions: each one correspond-
ing to |r1|(p − 1)2, |r2|(p − 1)2 or |r3| being the inter-
mediate value. The red line corresponds to de equation
of Discord in function of Coherence, eq.(15); the blue
points are the plot of Discord, eq.(13) versus Coherence,
eq.(13).
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Fig. 5: Discord as a function of Coherence under the
phase damping channel. r1 = −0.7, r2 = 0.5 and r3 =
0.3.
4.3 Depolarizing
The depolarizing channel is a well-known channel; we
can describe it by explaining its action on a qubit: with
probability (1-p) the qubit remains unaffected and with
probability p it is depolarized [29].
Md0 =
√
1− p
(
1 0
0 1
)
, Md1 =
p
3
(
0 1
1 0
)
,
Md2 =
p
3
(
0 −i
i 0
)
, Md3 =
p
3
(
1 0
0 −1
)
The expression of the evolved correlation vector un-
der the depolarizing channel is:
r′ = r1(p− 1)2 + r2(p− 1)2 + r3(p− 1)2
The Entanglement, Discord and Coherence are ex-
pressed as:
E(ρ) =
1
2
max[0, |r1± r2|(p−1)2−|1± r3(p−1)2|] (16)
D(ρ) = int[|r1| , |r2| , |r3|](p− 1)2, (17)
C(ρ) = max(|r1|, |r2|)(p− 1)2. (18)
4.3.1 Entanglement and Coherence
Also in this case we can easily write Entanglement as a
function of Coherence.
E =
1
2
max
[
0,
(|r1 ± r2|)C
max(|r1|, |r2|) − |1±
r3C
max(|r1|, |r2|) |
]
,
and again we find a linear relation between Entangle-
ment and Coherence. This relation is showed in fig.(6):
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Fig. 6: Entanglement as a function of Coherence under
the depolarizing channel. r1 = −0.7, r2 = 0.5 and r3 =
0.3.
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4.3.2 Discord and Coherence
As for the case of the previous channel, we can express
Discord in function of Coherence:
D =
C|ri|
max(|r1|, |r2|) ,
where ri = r1, r2, r3, depending which is the inter-
mediate value. The difference with the previous channel
is that for the Depolarizing channel, the intermediate
value remains the same throughout the evolution be-
cause the three components of the correlations vector
evolve the same way. This relation is showed in fig.(7).
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Fig. 7: Discord as a function of Coherence under the
depolarizing channel. r1 = −0.7, r2 = 0.5 and r3 = 0.3.
5 Study of X states
In this section we will work with the called X states,
which their density matrix contains only non-zero ele-
ments along the main diagonal and anti-diagonal [26].
These states, which include the Bell-diagonal states we
previously studied, are described by the following ex-
pression:
ρ =
1
4
(I4 + s · σ3 ⊗ I+ I⊗ c · σ3 +
3∑
j=1
rjσj ⊗ σj)
Unlike Bell-diagonal states that only need three pa-
rameters to be described: (r1, r2, r3), to describe the X
states, it is necessary to add two additional parameters:
s and c. In the following it will be helpful to express the
elements of the density matrix ρi,j as a function of the
new parameters ri, s y c:
ρ11 =
1
4
(1 + r3 + s+ c) ρ22 =
1
4
(1− r3 + s− c)
ρ33 =
1
4
(1− r3 − s+ c) ρ44 = 1
4
(1 + r3 − s− c)
ρ14 = ρ41 =
1
4
(r1 − r2) ρ23 = ρ32 = 1
4
(r1 + r2)
To have a geometric 3D representation of the Bell-diagonal
states is possible since they depend only on the three
components of r. The X states require five parameters
to be described; this makes difficult to study the region
of existence, since to visualize in a three-dimensional
diagram it is necessary to fix at least two of them.
5.1 Regions of existence for the X states
In order to perform this analisis we use the positivity
condition of ρ, which expressed in the parameters r, s
and c is:
|r1 − r2| ≤
√
(1 + r3)2 − (s+ c)2
|r1 + r2| ≤
√
(1− r3)2 − (s− c)2
These two inequalities determine the volume of the pos-
sible X states. By changing the values of s and c we can
see how the region of existence is modified. In figure (8),
we can see how the tetrahedron that determines the re-
gion of existence of the Bell-diagonal states is deformed
as the values of s and c change. Just as the tetrahe-
dron that defines the allowed states is deformed, the
octahedron defined by the states of zero entanglement
also undergoes deformation. In figure (9), we show the
transformation of the octahedron as s and c changes.
5.2 Analytical expressions of correlations for X states
We start with the Entanglement, which as we saw in
eq.(4), for X states coincides with the expression of the
Concurrence:
E =
1
2
max
[
0, |r1 ± r2| −
√
(1 ± r3)2 − (s± c)2
]
(19)
For the Discord, we will use the expression provided
by [31]:
D(ρ) =


|r1|
2 if ∆ > 0.√
r2
1
max(r2
3
,r2
2
+s2)−r2
2
min(r2
3
,r2
1
)
max(r2
3
,r2
2
+s2)−min(r2
3
,r2
1
)+r2
1
−r2
2
if ∆ ≤ 0,
(20)
where ∆ = r23 − r21 − s2.
Finally, the expression of the Coherence is:
C = max(|r1|, |r2|)
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(a) s = 0.3 and c = 0.2
(b) s = 0.5 and c = 0.7
Fig. 8: In color red the deformed tetrahedron for dif-
ferent values of s and c. The original tetrahedron was
kept for comparison.
5.3 Regions of Discord
For X states, Discord a priori, can have many different
expressions in the different regions, depending on which
are the maximums and minimums in eq.(20) or which
of the following relations, r23 < r
2
1 + s
2 or r23 ≥ r21 + s2
is verified. Taking this into consideration, we found five
regions:
1. r23 > A
2.
(
r23 ≤ A
) ∩ (max(r23 , B) = r23) ∩ (min(r21 , r23) = r23)
3.
(
r23 ≤ A
) ∩ (max(r23 , B) = r23) ∩ (min(r21 , r23) = r21)
4.
(
r23 ≤ A
) ∩ (max(r23 , B) = B) ∩ (min(r21 , r23) = r23)
5.
(
r23 ≤ A
) ∩ (max(r23 , B) = B) ∩ (min(r21 , r23) = r21)
where A = r21 + s
2 and B = r22 + s
2 By substituting
these results in eq. (20) we find that in regions (1), (3)
and (5) Discord has the same expression. Therefore we
have to considerate three regions for Discord: Region
1, defined by: |r3| > |r1| where the expression of the
(a) s = 0.3 and c = 0.2
(b) s = 0.5 and c = 0.7
Fig. 9: In color green the deformed octahedron of sepa-
rable states for different values of s and c. The original
octahedron was kept for comparison.
Discord is:
D =
|r1|
2
,
and we show it in fig.(10)
Fig. 10: In red, the region of existence, in blue Region
1 with s = 0.2.
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Region 2, defined by: (|r3| ≤ |r1|)∩
(
r23 > r
2
2 + s
2
)
where the expression of Discord is,
D =
|r3|
2
, (21)
and it is showed in fig. 11
Fig. 11: In blue Region 2, with s = 0.2.
Region 3 defined by: (|r3| ≤ |r1|) ∩
(
r23 ≤ r22 + s2
)
where the expression of Discord is,
D =
1
2
√
r21r
2
2 − r22r23 + r21s2
r21 − r23 + s2
, (22)
and in fig.12 we show it.
Fig. 12: In blue Region 3, with s = 0.2.
5.4 Analysis in the s− c plane
The previous analysis was performed leaving the val-
ues of the parameters s and c fixed and varying r. In
this section we will analyze how the regions of existence
change and how the correlations behave when we fix r
and vary the parameters s and c.
In the following figures 13 and 14 we show the changes
in the regions of existence and the behavior of Entan-
glement and Discord by varying r2, on the s− c plane.
As can be seen, the region of existence contracts, until
it forms a perfect square at r2 = 0, and then stretches
again until it becomes a line and then disappears. The
images selected are with r1 and r3 fixed so that it is bet-
ter understood how the region of existence is modified
as r2 is changed. Setting r2 and r3 fixed, and changing
r1, and fixing r1 and r2 and changing r3 give similar
results.
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(a) r1 = −0.9, r2 = −0.08, r3 = 0
(b) r1 = −0.9, r2 = −0.04, r3 = 0
(c) r1 = −0.9 r2 = 0 r3 = 0
(d) r1 = −0.9 r2 = 0.04 r3 = 0
Fig. 13: Color maps of the Entanglement in the s − c
plane. The white region indicates the region of non-
physical states.
The Discord pattern is simple, because it does not
depend on parameter c and grows with s. On the other
hand, Entanglement grows as |s ± c| increase, since:
|r1 ± r2| −
√
(1± r3)2 − (s± c)2 for values of ri within
the region of existence, showing growth in the longi-
tudinal direction. Coherence was not included in this
analysis since it is constant in this plane, because it is
independent of s and c.
(a) r1 = −0.9, r2 = −0.08, r3 = 0
(b) r1 = −0.9, r2 = −0.04, r3 = 0
(c) r1 = −0.9 r2 = 0 r3 = 0
(d) r1 = −0.9 r2 = 0.04 r3 = 0
Fig. 14: Color maps of the Discord in the s − c plane.
The white region indicates the region of non-physical
states.
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6 Evolution of X states under noise channels
The description of the evolution of the X states is given
by the evolution of the correlation vector, as in the case
of the Bell-diagonal states, plus the evolution of the pa-
rameters s and c. The only exception is made by the
evolution under Phase Damping, in which the parame-
ters s and c are not affected.
6.1 Phase Damping
The evolution of the correlation vector r under Phase
Damping is given by:
r′ = r1(p− 1)2 iˆ+ r2(p− 1)2jˆ + r3kˆ
6.1.1 Entanglement
As we have already seen for the X states, each pair of
values of s and c determines the zone of existence and
the zero Entanglement octahedron. The expression of
Entanglement is:
E =
1
2
max
[
0, |r1 ± r2|(p− 1)2−√
(1± r3)2 − (s± c)2
]
6.1.2 Coherence
The Coherence expression of a X state that evolves un-
der Phase Damping is simple: it decreases monotonously
and reaches the value 0 when p = 1:
C = max(|r1|, |r2|)(p− 1)2
6.1.3 Discord
When a X state evolves under the Phase Damping chan-
nel, the expression of the Discord is expressed by eq.(20):
D(ρ) =


|r1|
2 (p− 1)2 if ∆ > 0.
1
2
√
Amax(r2
3
,B+s2)−Bmin(r2
3
,A)
max(r2
3
,B+s2)−min(r2
3
,A)+A−B
if ∆ ≤ 0,
where, ∆ = r23 − s2 − A, A = r21(p − 1)4 and B =
r22(p − 1)4. We showed from an analysis in subsection
5.3 that there are three different regions for the Dis-
cord. Depending on the initial value of the vector r and
the parameters s and c, the state in its evolution will
cross some of that regions, as shown in the figure 15.
Each color line represents a possible evolution of an X
state, starting from different initial values of r and the
parameters s and c.
Fig. 15: Cut according to the plane r1−r2 = 0.2. Region
1 is purple, Region 2 is green, and Region 3 is orange.
The yellow line shows an evolution that cross through
all three regions. In blue the state always remains in
Region 3. In red it jumps from Region 3 to Region 1.
In pink from Region 2 to Region 1. In White, it always
remains within Region 1.
The figure shows how the state evolves depending on
the initial conditions of r. Evolution can take 5 possible
paths: (1) to go through the 3 regions in descending
order, Region 3, Region 2 and Region 1 (yellow path),
(2) to go from Region 3 directly to Region 1 (red path) ,
(3) always stay in Region 3 (blue path), (4) move from
Region 2 to Region 1 (pink path) or (5) always stay
in Region 1 (white path). Regions 1, 2 and 3 can be
written as the following inequalities:
Region1 : |r3| > |r1|(p− 1)2
Region2 :
(|r3| ≤ |r1|(p− 1)2)∩ (r23 > r22(p− 1)4 + s2)
Region3 :
(|r3| ≤ |r1|(p− 1)2)∩(r23 ≤ r22(p− 1)4 + s2)
Therefore the quantum state will remain in Region 1 as
long as it is verified that:
p > 1−
√
|r3|
|r1| = p1,
and the expression of the Discord in this region is:
D =
|r1|
2
(p− 1)2 (23)
Note that if r1 = 0 the state always stay in Region 1.
The quantum state will remain in Region 2 as long as
it is verified that:

p ≤ 1−
√
|r3|
|r1|
= p1
p > 1− 4
√
r2
3
−s2
r2
2
= p2,
(24)
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and the expression of the Discord in this region is:
D =
|r3|
2
.
Note that if |r3| < |s|, the state cannot be in Region 2.
Finally, it will remain in Region 3 as long as:


p ≤ 1−
√
|r3|
|r1|
= p1
p < 1− 4
√
r2
3
−s2
r2
2
= p2
(25)
The expression of the Discord in this region is:
D =
(p− 1)2
2
√
r21r
2
2(p− 1)4 − r22r23 + r21s2
r21(p− 1)4 − r23 + s2
If p < p1 and r2 = 0, the state will be in Region 2 or
Region 3 depending on |r3| > |s| or |r3| ≤ |s| respec-
tively.
Looking at the figure, it is clear that the state in its
evolution not necessarily crosses the three regions. We
will clarify this point by giving some examples. Let’s
consider an initial state defined by the following values
of its parameters: r1 = −0.6, r2 = 0.4, r3 = 0.3, s =
0.2, c = 0.3. For these values, the state is in Region 3
and p1 = 0.29, and p2 = 0.25, so p1 > p2. This imply
that the quantum state: remains in Region 3 when p <
p2, it is in Region 2 when p2 < p ≤ p1 and it is in the
Region 1 for p > p1. This behavior is showed in the
yellow path in fig.(15). Let’s consider a second example
with initial values r1 = 0.5, r2 = −0.2, r3 = 0.3, s =
0.2, c = 0.3. In this case p1 = 0.33 and p2 = −0.06. p2
is excluded since p can never take negative values. This
will imply that the state will never be in Region 3, since
p > p2∀p. The state will be in Region 2 for 0 < p ≤ p1
and in Region 1 for p > p1. This is illustrated in the red
path. As a last example, consider the following initial
conditions: r1 = −0.6, r2 = 0.4, r3 = 0.7, s = 0.2, c =
0.3. In this situation the state initially is in Region 1
and p1 = −0.08 , so p > p1 ∀p and the state always
remains in Region 1, as can be seen in the white path
of the figure 15.
6.1.4 Entanglement and Coherence
In the region outside the octahedron of the separable
states, the Entanglement and the Coherence can be re-
lated by a linear function:
E =
1
2
max
[
0,
|r1 ± r2|C
max(|r1|, |r2|) −
√
(1 ± r3)2 − (s± c)2
]
6.1.5 Discord and Coherence
In order to determine the relation between Discord and
Coherence, the behavior of the Discord must be taken
into account in each of the three regions defined above.
In Region 1, the relation is linear:
D =
|r1|C
2max(|r1|, |r2|)
In Region 2, there is no relation between Discord and
Coherence because the Discord is constant and depends
only of r3: D =
|r3|
2
In Region 3 the relation is:
D =
1
2
√√√√C2 ( r21r22C2max(|r1|,|r2|)2 − r22r23 + r21s2
)
r21C
2 − r23 + s2
6.2 Bit Flip
As the state evolves under this channel, we see that
not only does r change, but also parameters s and c, as
follows:
r′ = r1iˆ+ r2(p− 1)2jˆ + r3(p− 1)2kˆ
s′ = s(p− 1) c′ = c(p− 1),
and this allows us to find the expression of the different
correlations.
The Entanglement has the following expression:
E =
1
2
max
[
0, |r1 ± r2(p− 1)2|
−
√
(1± r3(p− 1)2)2 − (s± c)2(p− 1)2
]
The expression of the Coherence is:
C = max(|r1|, |r2|(p− 1)2)
6.2.1 Discord
According to eq.(20) the expression for the Discord for
a X state evolving under the Bit Flip channel is:
D(ρ) =


|r1|
2 if ∆ > 0.
1
2
√
r2
1
max(A,C)−Bmin(A,r2
1
)
max(A,C)−min(A,r2
1
)+r2
1
−B
if ∆ ≤ 0,
where A = r23(p− 1)4, B = r22(p− 1)4, C = r22(p− 1)4+
s2(p− 1)2 and ∆ = A− r21 − s2(p− 1)2.
Again, to study Discord we have to analyze its be-
havior in 3 different regions, defined by the following
relations:
Region1 : |r3|(p− 1)2 > |r1|
Region2 :
(|r3|(p− 1)2 ≤ |r1|)∩((r23 − r22)(p− 1)2 > s2)
Region3 :
(|r3|(p− 1)2 ≤ |r1|)∩((r23 − r22)(p− 1)2 ≤ s2)
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Carrying out the same analysis as for the Phase Damp-
ing case, we arrived at the following results: the X state
will be in Region 1 provided that:

p < 1−
√
|r1|
|r3|
,
r3 6= 0
In this region the expression of Discord is:
D =
|r1|
2
The state will remain in Region 2 as long as it is verified
that

p ≥ 1−
√
|r1|
|r3|
p < 1−
√
s2
r2
3
−r2
2
The expression of Discord in this region is:
D =
|r3|
2
(p− 1)2
Finally Region 3 it’s defined by:


p ≥ 1−
√
|r1|
|r3|
p > 1−
√
s2
r2
3
−r2
2
Note that if r23 ≤ r22 , or r3 = 0, the state is in Region
3. In this region the Discord is expressed as:
D =
(p− 1)
2
√
r21r
2
2(p− 1)2 − r22r23(p− 1)6 + r21s2
r21 − r23(p− 1)4 + s2(p− 1)2
It should be noted that since the Bit Flip channel also
changes the values of s and c, it is not possible to show
an evolution crossing the different regions, since for each
value of s and c the entire volume that defines the space
of X states as well as the interior regions varies.
6.2.2 Entanglement and Coherence
In order to relate the Entanglement and the Coherence
we must distinguish between two regions outside the
region of separable states: Region A: |r1| > |r2|(p−1)2,
in this region the region the Coherence is constant: C =
|r1|, and Region B: |r1| < |r2|(p − 1)2, where we can
relate Entanglement and Coherence as follows:
E =
1
2
max
[
0, |r1±C|−
√(
1± r3C|r2|
)2
− (s± c)2 C|r2|
]
6.2.3 Discord and Coherence
By seeking to relate Discord to Coherence we have to
take into account the 3 regions of Discord. In Region 1,
defined by |r3|(p − 1)2 > |r1|, Discord has a constant
value, D = |r1|2 independent of the Coherence.
In Region 2, |r2|(p−1)2 < |r1| is verified, so the Coher-
ence takes a constant value C = |r1| and Discord has
the following expression: D = |r3|2 (p − 1)2; there is no
relation between them in this region neither.
Within Region 3, in the area where |r2|(p− 1)2 < |r1|,
the Coherence is constant C = |r1|.
However, in the zone in which |r2|(p − 1)2 > |r1|, Co-
herence takes the following expression: C = |r2|(p− 1)2
and therefore we can relate it to Discord, as follows:
D =
1
2
√
C (r21 |r2|s+ r21 |r2|2C − r23C3)
r21 |r2|2 + s2|r3|C − r23C2
6.3 Depolarizing
By evolving under de Depolarizing channel the correla-
tions vector, r, s and c change as:
r′ = r1(p− 1)2iˆ+ r2(p− 1)2jˆ + r3(p− 1)2kˆ
s′ = s(p− 1) c′ = c(p− 1)
The expression of the Entanglement of the X state
under this channel is:
E =
1
2
max
[
0, |r1 ± r2|(p− 1)2−
√(
1± r3(p− 1)2
)2
− (p− 1)2(s± c)2
]
The Coherence is:
C = max(|r1|, |r2|)(p− 1)2
6.3.1 Regions of Discord
The general expression for the Discord under this chan-
nel is:
D(ρ) =


|r1|
2 (p− 1)2
(p−1)2
2
√
r2
1
A−r2
2
(p−1)2 min(r2
3
,r2
1
)
A−(p−1)2(r2
1
−r2
2
−min(r2
3
,r2
1
))
whereA = max(r23(p−1)2, r22(p−1)2+s2) The upper ex-
pression corresponds to the condition r21(p−1)2−r23(p−
1)2+s2 < 0 and the lower to r21(p−1)2−r23(p−1)2+s2 ≥
0. This again offers three regions with different expres-
sion for Discord. After a little mathematical manipula-
tion they are:
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Region1 : |r3| > |r1|
Region2 : |r3| ≤ |r1| ∩
(
r23(p− 1)2 > r22(p− 1)2 + s2
)
Region3 : |r3| ≤ |r1| ∩
(
r23(p− 1)2 ≤ r22(p− 1)2 + s2
)
In Region 1, the Discord is expressed as:
D =
|r1|
2
(p− 1)2
The state will remain in Region 2 as long as it is verified
that:


|r3| < |r1|
p < 1−
√
s2
r2
3
−r2
2
and the Discord in this region is expressed as:
D =
|r3|
2
(p− 1)2.
If |r3| ≤ |r2| the state will be in Region 3.
The quantum X state will remain in Region 3 as long
as:

|r3| < |r1|
p > 1−
√
s2
r2
3
−r2
2
and in this region Discord is expressed as:
D =
(p− 1)
2
√
r22(p− 1)2(r21 − r23) + r21s2
2r22 − r21 + r23
6.3.2 Entanglement and Coherence
It is also possible to relate in this case, the Entangle-
ment and the Coherence:
E =
1
2
max
[
0, |r1 ± r2| C
max(|r1|, |r2|)−√√√√(1± Cr3
max(|r1|, |r2|)
)2
− C(s± c)
2
max(|r1|, |r2|)
]
6.3.3 Discord and Coherence
To link Discord and Coherence we must analyze the
behavior of both magnitudes in each of the regions that
we already discussed. It is immediate to show that in
regions 1 and 2 the relation is linear. In Region 1:
D =
|r1|C
2max(|r1|, |r2|)
In Region 2:
D =
|r3|C
2max(|r1|, |r2|)
In Region 3, the relation is a little bit complicated:
D =
1
2
√
C(r22(r
2
1 − r23)C +max(|r1|, |r2|)r21s2)
(max(|r1|, |r2|)2)(2r22 − r21 + r23)
7 Coherence as the fundamental correlation
As the theories of quantum correlations have been de-
veloped, attempts have been made to understand the
possible relationships between them [32, 11, 8, 12]. A
reasonable question to ask is whether there is a correla-
tion that is fundamental, that is, if there is a correlation
whose presence is necessary for the others to exist. We
begin by analyzing the expression of Coherence:
C = max(|r1|, |r2|),
We note that for Coherence to be canceled, it is neces-
sary and sufficient that r1 = r2 = 0. If we impose that
condition in the expression of the Entanglement:
E =
1
2
max
[
0, |r1 ± r2| −
√
(1 ± r3)2 − (s± c)2
]
,
we observe that necessarily the Entanglement is zero.
Therefore we can affirm that:
C = 0⇒ E = 0.
Making the same analysis with the expressions of Dis-
cord eq.(20):
D =
|r1|
2
⇐⇒ r23 > r21 + s2 (26)
using that r1 = 0, we obtain,
D = 0 ⇐⇒ |r3| > |s|
For the complementary region, r23 < r
2
1 + s
2:
D =
1
2
√
r21 max(r
2
3 , r
2
2 + s
2)− r22 min(r23 , r21)
max(r23 , r
2
2 + s
2)−min(r23 , r21) + r21 − r22
,
imposing again r1 = r2 = 0, we obtain:
D = 0 ⇐⇒ |r3| < |s|
From these results, we can conclude that:
C = 0⇒ E = 0
C = 0⇒ D = 0
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What if the Entanglement is zero? What consequences
does this have on Discord and Coherence? By cancel-
ing the Entanglement, in expression eq.(19), we obtain
the region of separable states, where we have already
seen that there are states with Coherence and non-null
Discord.
Now we will analyze the consequences of nullifying Dis-
cord in the other correlations. We should consider the
two regions of Discord. In the region r23 > r
2
1 + s
2,
D = |r1|2 . Whe then have, that:
D = 0 ⇐⇒ r1 = 0.
Clearly for the states in which it is verified that |r2| 6= 0,
the Discord being zero does not imply that the Coher-
ence is zero.
In the region r23 > r
2
1+s
2, the expression of the Discord
is:
D =
1
2
√
r21 max(r
2
3 , r
2
2 + s
2)− r22 min(r23 , r21)
max(r23 , r
2
2 + s
2)−min(r23 , r21) + r21 − r22
The condition for the Discord to be zero is:
D = 0 ⇐⇒ r21 max(r23 , r22 + s2) = r22 min(r23 , r21) (27)
Here we must consider four cases:
1. max(r23 , r
2
2 + s
2) = r23 and min(r
2
3 , r
2
1) = r
2
3
2. max(r23 , r
2
2 + s
2) = r22 + s
2 and min(r23 , r
2
1) = r
2
3
3. max(r23 , r
2
2 + s
2) = r23 and min(r
2
3 , r
2
1) = r
2
1
4. max(r23 , r
2
2 + s
2) = r22 + s
2 and min(r23 , r
2
1) = r
2
1
By substituing each one in eq.(27) we obtain:
1. r1 = r2
2. r23 =
r2
1
r2
2
(r22 + s
2)
3. r1 = r2
4. s = 0
Neither of these conditions implies zero Coherence or
zero Entanglement. This result is very important and
shows that for the X states, Coherence is the funda-
mental correlation.
All this results point in the same direction than Stret-
slov [9] , who showed that from a coherent state it is
possible to produce Entanglement, but that it is impos-
sible to produce it from an incoherent state.
8 Conclusions
In this work we derive analytical relations between En-
tanglement and Coherence as well as between Discord
and Coherence, for Bell-diagonal states and for the X
states, evolving under the action of several noise chan-
nels: Bit Flip, Phase Damping and Depolarizing. For
the Bell-diagonal states we found analytical relations
between Entanglement and Coherence, and Discord and
Coherence, for all cases. In particular all relations be-
tween these correlations are linear. The study of the X
states has the additional complexity that 5 parameters
are required to describe the family, which modifies the
region of existence: the tetrahedron of the Bell-diagonal
states compresses and deforms as the two new param-
eters s and c change. For the X states we described
the different regions that determine the expression of
Discord and in each of these regions we discused the
existence of an analytical relation with Coherence. We
found that Discord defines three different regions ac-
cording to its analytical expression: there are regions
where Discord remains constant regardless of Coher-
ence, regions where it decays quadratically without be-
ing able to relate to it, and regions where it depends on
Coherence in a more or less trivial way depending on
the channel applied. Finally we demonstrate that for
the families of studied states, Coherence is the funda-
mental correlation, that is: Coherence is necessary for
the presence of Entanglement and Discord. Our result
points in the same line as previous results: Kok Chuan
Tan et. al demonstrated that the Correlated Coherence
in a bipartite system is necessary for the system to have
Discord [33], and Streltsov et. al showed that Coherence
is necessary to generate Entanglement [9].
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